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Abstract
In this paper we study the existence of multiple nontrivial weak solutions to the
following problem via the Morse theory.
−∆p(x)u = λ|u|
q(x)−2u in Ω,
u = 0 in RN \Ω
Here, λ > 0 is a parameter. The domain Ω ⊂ RN (N ≥ 2) is bounded with a
smooth boundary ∂Ω. The relation between the exponents are assumed in the
order 2 < p(x)− 1 ≤ q(x). Also supx,y∈Ω{p(x, y)} < N ∀ (x, y) ∈ Ω× Ω.
Keywords: Dirichlet problem, variable exponent space, Morse relation,
cohomology group.
AMS Classification: 35J35, 35J60.
1. Introduction
We will consider the following problem.
−∆p(x)u = λ|u|
q(x)−2u in Ω,
u = 0 in RN \ Ω
(1.1)
where, λ > 0 is a parameter. The domain Ω ⊂ RN(N ≥ 2) is smooth and bounded.
The relation between the exponents are assumed in the order 2 < p(x)−1 ≤ q(x). Also
p(x, y) < N ∀ (x, y) ∈ Ω × Ω. A beginner with a very elementary knowledge of PDEs
can use this exposition to study a very well known eigen value problem in elementary
∗Corresponding author: dc.iit12@gmail.com
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2theory of elliptic PDEs which is a sub-class to the Dirichlet problem considered here,
namely
−∆u = λ|u|p−2u, u|∂Ω = 0.
A rich literature survey has been done in the book due to perera et al. [1] where the
author has discussed problems of several varities involving the p-Laplacian operators
which could be studied using the Morse theory. The current article addresses an
existence result, albeit for a problem involving a p(x)-Laplacian. The work primarily
arose due to my own difficulty and woes in finding a documented material to bank upon
during my tryst of learning Morse theory in PDEs. This is not only a new addition
to the literature, but also can serve as a note to understand the application of Morse
theory to the problems in elliptic PDEs using the notions of basic functional analysis.
2. preliminaries
We begin by giving the relevant definitions and results besides defining the function
space which will be used very frequently in the article.
Definition 2.1. Morse index of a functional Φ : X → R is defined to be the maximum
subspace of X such that Φ′′, the second Fre´chet derivative, is negative definite on it.
We now present the fundamental tool that will be used to work with, namely the
homology theory [2].
Definition 2.2. A “homology theory” on a family of pairs of spaces (X,A) consists
of:
1. A sequence {Hk(X,A)}k∈N0 of abelian groups known as“homology group” for the
pair (X,A) (note that for the pair (X, φ), we write Hk(X), k ∈ N0).
2. To every map of pairs ϕ : (X,A) → (Y,B) is associated a homomorphism ϕ∗ :
Hk(X,A)→ Hk(Y,B) for all k ∈ N0.
3. To every k ∈ N0 and every pair (X,A) is associated a homomorphism ∂ :
Hk(X,A)→ Hk−1(A) for all k ∈ N0.
These items satisfy the following axioms.
(A1) If ϕ = idX , then ϕ∗ = id|Hk(X,A).
(A2) If ϕ : (X,A)→ (Y,B) and ψ : (Y,B)→ (Z,C) are maps of pairs, then (ψ◦ϕ)∗ =
ψ∗ ◦ ϕ∗.
3(A3) If ϕ : (X,A)→ (Y,B) is a map of pairs, then ∂ ◦ ϕ∗ = (ϕ|A)∗ ◦ ∂.
(A4) If i : A → X and j : (X, φ) → (X,A) are inclusion maps, then the following
sequence is exact
...
∂
−→ Hk(A)
i∗−→ Hk(X)
j∗
−→ Hk(X,A)
∂
−→ Hk−1(A)→ ...
Recall that a chain ...
∂K+1
−−−→ Ck(X)
∂k−→ CK−1(X)
∂k−1
−−→ Ck−2(X)
∂k−2
−−→ ... is said
to be exact if im(∂k+1) = ker(∂k) for each k ∈ N0.
(A5) If ϕ, ψ : (X,A)→ (Y,B) are homotopic maps of pairs, then ϕ∗ = ψ∗.
(A6) (Excision): If U ⊆ X is an open set with U¯ ⊆ int(A) and i : (X \ U,A \
U) → (X,A) is the inclusion map, then i∗ : Hk(X \ U,A \ U) → Hk(X,A) is an
isomorphism.
(A7) If X = {∗}, then Hk(∗) = 0 for all k ∈ N.
Definition 2.3. A continuous map F : X × [0, 1]→ X is a deformation retraction of
a space X onto a subspace A if, for every x ∈ X and a ∈ A, F (x, 0) = x, F (x, 1) ∈ A,
and F (a, 1) = a.
Following is a deformation lemma which is quintessential in computing the homology
groups.
Lemma 2.4. (S. Kesavan [3]) Let J : X → R be a C1 functional satifying the Palais-
Smale condition. Let c, a be real numbers. Define KJ,c = {v ∈ X : J(u) = c, J
′(v) = 0},
Ka = {v ∈ X : J(v) ≤ a} (likewise we define Ka = {v ∈ X : J(v) ≥ a}). Let
KJ,c = Ø. Then there exists ǫ
′ > 0 and a continous homotopy η : [0, 1]×X → X such
that ∀0 < ǫ ≤ ǫ′
1. η(0, v) = v for all v ∈ X.
2. η(t, v) = v for all t ∈ [0, 1], v 6= J−1([c− ǫ, c + ǫ]).
3. η(1, Kc+ǫ) ⊂ Kc−ǫ.
2.1 Variable exponent Sobolev space
For each open subset Ω ⊂ RN (N ≥ 2), we define C+(Ω) = {p | p ∈ C(Ω), p(x) >
1 for any x ∈ Ω} and 1 < p− := inf
x∈Ω
p(x) ≤ sup
x∈Ω
p(x) =: p+ < N. The variable expo-
nent Lebesgue space Lp(x)(Ω) is defined by
Lp(x)(Ω) =
{
u : Ω→ R | u is measurable and
∫
Ω
|u|p(x)dx <∞
}
4endowed with the norm (the Luxemburg norm) |u|p(x) = inf{λ > 0 |
∫
Ω
|u
λ
|p(x)dx ≤ 1}.
We will define variable exponent Sobolev space as
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) | |∇u| ∈ Lp(x)(Ω)}
with the norm ‖u‖1,p(x) = |u|p(x)+ |∇u|p(x). With these norms, L
p(x)(Ω) and W 1,p(x)(Ω)
are separable reflexive Banach spaces([4]). For p(x) ≡ p, p(x)- Laplacian reduces to
p-Laplacian.
Proposition 2.5. Set ρ(u) :=
∫
Ω
|u(x)|p(x)dx. For u ∈ Lp(x)(Ω) and (un)n∈N ⊂
Lp(x)(Ω), we have
1. u 6= 0 implies ‖u‖Lp(x)(Ω) = λ iff ρ(
u
λ
) = 1,
2. ‖u‖Lp(x)(Ω) < 1(= 1;> 1) iff ρ(u) < 1(= 1;> 1),
3. ‖u‖Lp(x)(Ω) < 1 implies ‖u‖
p+
Lp(x)(Ω)
≤ ρ(u) ≤ ‖u‖p
−
Lp(x)(Ω)
,
4. ‖u‖Lp(x)(Ω) > 1 implies ‖u‖
p−
Lp(x)(Ω)
≤ ρ(u) ≤ ‖u‖p
+
Lp(x)(Ω)
,
5. lim
n→∞
||un||Lp(x)(Ω) = 0(∞) iff lim
n→∞
ρ(un) = 0(∞).
We state the generalized Ho¨lder inequality and embedding results in the following
propositions (for instance see in [5]).
Proposition 2.6. For any u ∈ Lp(x)(Ω) and v ∈ Lp
′(x)(Ω), where Lp
′(x)(Ω) is the
conjugate space of Lp(x)(Ω) such that 1
p(x)
+ 1
p′(x)
= 1,∣∣ ∫
Ω
uv dx
∣∣ ≤ ( 1
p−
+ 1
p−′
)
‖u‖p(x)‖v‖p′(x)
Proposition 2.7. (i) If q ∈ C+(Ω) and q(x) < p
∗(x) for any x ∈ Ω, thenW 1,p(x)(Ω) →֒
Lq(x)(Ω) is compact and continuous.
(ii) There exists a constant c > 0 such that ‖u‖p(x) ≤ c‖∇u‖p(x) ∀ u ∈ W
1,p(x)
0 (Ω).
3. The way to tackle a problem using Morse theory
We firstly define an energy functional associated to the problem in (1.1) which is as
follows.
I(u) =
∫
Ω
|∇u|p(x)
p(x)
dx− λ
∫
Ω
|u|q(x)
q(x)
dx
This functional is a C2-functional over X =W
1,p(x)
0 (Ω). An important result in Morse
theory is stated below.
5Theorem 3.1. Let f ∈ C2(X) satisfy the Palais-Smale condition and let ‘a’ be a
regular value of f . Then, H∗(X, f
a) 6= 0, implies that Kf,(−∞,a] 6= Ø.
Remark 3.2. Before we apply the Morse lemma we recall that for a Morse function the
following holds
1.
H∗(f
c, f c \ Crit(f, c)) = ⊕jH∗(f
c ∩N j , (f c \ {xj}) ∩N j).
2.
Hk(f
c ∩N, f c \ {x} ∩N) =
{
R, k = m(x)
0, otherwise
where m(x) is a Morse index of x and x is a crtical point of f .
3. Further
Hk(f
a, f b) = ⊕{i:m(xi)=k}Z = Z
mk(a,b)
where mk(a, b) = n({i : m(xi) = k, xi ∈ Kf,(a,b)}). Here n(S) is the number of
elements in the set S.
4. Morse relation∑
u∈KJ,[a,b]
∑
k≥0
dimCk(I, u)t
k =
∑
k≥0
dimHk(J
a, J b)tk + (1 + t)Qt
for all t ∈ R.
Theorem 3.3. The problem in (1.1) has atleast one nontrivial solution when λ ≤ λ1,
λ1 being the first eigen value of (−∆)p(x). Here m(0) = 0.
Proof. In order to prove the claim it is enough to show that there exists at least
one nontrivial critical point of I. We observe that I(tu) → −∞ as t → ∞. A key
observation here is that there exists r sufficiently small such that
I(u) ≥ α > 0
whenever ‖u‖
W
1,p(x)
0
(Ω) = r. We choose ǫ > 0 such that c = ǫ is a regular value of I.
Thus, Iǫ is not path connected since it has at least two path connected components
namely in the form of a neighbourhood of 0 and a set {u : ‖u‖ ≥ R} for R suffciently
large.From the theory of homology groups we get that dimH0(I
ǫ) ≥ 2. From the
Definition 2.2, let us consider the following exact sequence
...→ H1(W
1,p(x)
0 (Ω), I
ǫ)
∂1−→ H0(I
ǫ,Ø)
i0−→ H0(W
1,p(x)
0 (Ω),Ø)→ ...
6Obviously dimH0(W
1,p(x)
0 (Ω),Ø) = 1 and dimH0(I
ǫ) ≥ 2. Due to the exactness of the
sequence we conlude that dimH1(W
1,p(x)
0 (Ω), I
ǫ) ≥ 1. Thus by the Remark we have
KI,(−∞,ǫ] 6= Ø.
Suppose that the only crtical point to (1.1) is u = 0 at which the energy of the
functional I is also 0. Thus from the discussion above and the Remark (3.2)-(4) we
have from the Morse relation we have the following identity over R
1 = t + g(t) + (1 + t)Qt,
g being a power series in t, Qt ≥ 0. This is a contradiction. Thus there exists at least
one u 6= 0 which is a critical point to I whenever λ ≤ λ1.
Definition 3.4 (Krasnoselskii genus). Let X be a Banach space and A ⊂ X . A set
A is said to be symmetric if u ∈ A implies −u ∈ A. Let A be a close, symmetric subset
of X such that 0 /∈ A. We define a genus γ(A) of A by the smallest integer k such that
there exists an odd continuous mapping from A to Rk \ {0}. We define γ(A) = ∞, if
no such k exists.
To each closed and symmetric subsetsM ofW
1,p(x)
0 (Ω) with the Krasnoselskii genus
i(M) ≥ k, define
λk = inf
M∈Fk
sup
u∈M
I(u).
Here Fk = {M ⊂ W
1,p(x)
0 (Ω), closed and symmetric : i(M) ≥ k}. A natural question
at this point will be to ask if the same conclusion can be drawn when λk < λ ≤ λk+1.
The next theorem answers this question.
Theorem 3.5. The problem in (1.1) has atleast one nontrivial solution when λk <
λ ≤ λk+1, λk being as defined above and m(0) = n.
Proof. We at first show thatHk(W
1,p(x)
0 (Ω), I
−a) for all k ≥ 0. Pick a u ∈ {v : ‖‖1,p(x) =
1} = ∂B∞, where B∞ = {v : ‖v‖ ≤ 1}. Then I(tu) =
∫
Ω
|∇tu|p(x)
p(x)
dx − λ
∫
Ω
|tu|q(x)
q(x)
dx <
−a < 0. It can be easily seen that
I+(tu) =
∫
Ω
|∇tu|p
∓
p+
dx−λ
∫
Ω
|tu|q
±
q−
dx ≤ I(tu) ≤
∫
Ω
|∇tu|p
±
p−
dx−λ
∫
Ω
|tu|q
∓
q+
dx = I−(tu).
The functions I ′+(tu) and I
′
−(tu) vanishes at unique points t+(u) =
(∫
Ω
|∇u|p
∓
dx
λ
∫
Ω |u|
q±dx
) 1
q±−p∓
and t+(u) =
(∫
Ω |∇u|
p±dx
λ
∫
Ω |u|
q∓dx
) 1
q∓−p±
respectively. Therefore, I ′(t−(u)u) < 0, I
′(t+(u)u) > 0
and hence there exists t(u) such that I ′(t(u)u) = 0. We can thus say that there exists a
7C1-function T : W
1,p(x)
0 (Ω) \ {0} → R
+. We now define a standard deformation retact
η of W
1,p(x)
0 (Ω) \Br(0) into I
−a as follows (refer Definition 2.3).
η(s, u) =


(1− s)u+ sT
(
u
‖u‖
W
1,p(x)
0
(Ω)
)
u
‖u‖
W
1,p(x)
0
(Ω)
, ‖u‖
W
1,p(x)
0 (Ω)
≥ r, I(u) ≥ −a
u, I(u) ≤ −a.
It is not difficult to see that η is a C1 function over [0, 1] × W
1,p(x)
0 (Ω) \ Br(0).
On using the map δ(s, u) = u
‖u‖
W
1,p(x)
0
(Ω)
, for u ∈ W
1,p(x)
0 (Ω) \ Br(0) we claim that
Hk(W
1,p(x)
0 (Ω),W
1,p(x)
0 (Ω) \ Br(0)) = Hk(B
∞, S∞) for all k ≥ 0. This is beacuse,
Hk(B
∞, S∞) ∼= Hk(∗, 0). From elementary computation of homology groups with two
0-dimensional simplices it is easy to see that Hk(∗, 0) = {0} for each k ≥ 0. A result
in [1] tells us that
Cn(I, 0) =
{
R, if m(0) = n
0, otherwise
Therefore, from the Morse relation in the Remark (3.2)-4 and the result above, we have
for a > 0 ∑
u∈KI,[−a,∞)
∑
k≥0
dimCk(I, u)t
k = tm(0) + p(t) (3.1)
where m(0) is the Morse index of 0 and p(t) ontains the rest of the powers of t corre-
sponding to the other critical points, if any. On further using the the Morse relation
we obtain
tm(0) + p(t) = (1 + t)Qt. (3.2)
This is because the Hks are all trivial groups. Hence, Qt either contains t
m(0) or tm(0)−1
or both. Thus there exists at least one nontrivial u ∈ KI,[−a,∞) with m(u) ≤ n+1.
Theorem 3.6. (Subcritical case) Let Ω be as above and 1 < p < N+2
N−2
, N ≥ 3. Then I
has infinitely many critical points in W
1,p(x)
0 (Ω).
Proof. We appeal to Morse theory again thereby obtaining the following.∑
u∈KI,[−a,∞)
∑
k≥0
dimCk(I, u)t
k = tm(0) + 2
∑
k≥0
αkt
k. (3.3)
The factor 2 is due to the fact that if u is a critical point then −u is also a critical
point.. αks are nonnegative integers. As in the proof of the Theorem 3.5, we have
Hk(W
1,p(x)
0 (Ω), I
∞
−a) = 0. Therefore, we have the following identity over R.
tm(0) + 2
∑
k≥0
αkt
k = (1 + t)Qt. (3.4)
8In particular for t = 1 we have 1+2A = 2B, where the series on the left of the identity
in (3.4) for t = 1 is denoted by A and the term on the right of the same for t = 1
is denoted by B. this is possible only when the sum is infinite as finite sum leads to
a contradiction that there exists an odd and an even number that agree. Thus there
exists infinitely many solutions.
3.1 The case of lack of compactness
The natural question which arises at this juncture is what if q(x) = Np(x,x)
N−p(x,x)
?. To our
disappointment there aren’t any results even guaranteeing a continuous embedding
result for the exponent q(x) = Np(x,x)
N−p(x,x)
. We first prove the following lemma in order to
use the Palais-Smale (PS) condition but for constant exponents.
Lemma 3.7. Let Ω ⊂ RN be a bounded domain with sufficiently smooth boundary
(smooth enough for the embedding results to hold) ∂Ω, N ≥ 3. Then the function I
satisfies the PS condition in Iba iff b <
(
1
p+
− 1
q−
Aδ
)
SN for some suitable δ > 0.
Proof. Let (un) be a Palais-Smale sequence such that I(un) → c and I
′(un) → 0 in
(W
1,p(x)
0 (Ω))
′. We first show that (un) is bounded in W
1,p(x)
0 (Ω). We will prove it by
contradiction. Let ‖un‖W 1,p(x)0 (Ω)
→∞ as n→∞. Then we have,
In(un)−
〈
1
q(x)
I ′(un), un
〉
=
∫
Ω
|∇un|
p(x)
p(x)
dx− λ
∫
Ω
|un|
q−
q(x)
dx
−
∫
Ω
|∇un|
p(x)
q(x)
dx+ λ
∫
Ω
|un|
q(x)
q−
dx
=
∫
Ω
(
1
p(x)
−
1
q(x)
)
|∇un|
p(x)dx
≥
(
q+ − p+
p+q+
)∫
Ω
|∇un|
p(x)dx
≥
(
q+ − p+
p+q+
)
‖un‖
p±
W
1,p(x)
0 (Ω)
.
(3.5)
On dividing both sides of (3.5) by ‖un‖W 1,p(x)0 (Ω)
and passing the limit n → ∞ we
get 0 ≥ ∞ as p± > 1 which is absurd. Hence (un) is bounded in W
1,p(x)
0 (Ω). Since
this is a reflexive space, there exists a subsequence, which we still denote as (un),
converges weakly to u in W
1,p(x)
0 (Ω). We now try to prove the strong convergence
of this sequence. Towards this we will use the concentration compactness principle
for variable exponents (refer [6], Theorem 1.1) from which we have |un|
q(x) ⇀ ν =
|u|q(x)+
∑
i∈J νiδxi, |∇un|
p(x) ⇀ µ ≥ |∇u|p(x)+
∑
i∈J µiδxi and Sν
1
p∗(xi)
i ≤ µ
1
p(xi)
i ∀ i ∈ J ,
9where S := inf
φ∈C∞0 (Ω)
‖|∇φ|‖
Lp(x)(Ω)
‖φ‖
Lq(x)(Ω)
. Here J is a finite set. (νi)i∈J and (µi)i∈J are positive
numbers and points (xi)i∈J belongs to the critical set A = {x ∈ Ω : q(x) = p
∗(x)}.
claim 3.8. The indexing set J is empty.
Proof. Let J 6= φ. Define ψi,ǫ(x) = ψ
(
x−xi
ǫ
)
. Then
0 =〈I ′(un), unψi,ǫ〉
=
∫
Ω
|∇un|
p(x)−2∇un · ∇(unψi,ǫ)dx− λ
∫
Ω
|un|
q(x)−2un
=
∫
Ω
|∇um,n|
p(x)ψi,ǫdx+
∫
Ω
(|∇um,n|
p(x)−2∇um,n∇ψi,ǫ)um,ndx− λ
∫
Ω
|um,n|
q(x)ψi,ǫdx
In addition to this we have
0 = lim
n→∞
〈I ′(un), φ〉
= lim
n→∞
[∫
Ω
|∇un|
p(x)−2∇un∇φ dx− λ
∫
Ω
|un|
q(x)−2unφ dx
] (3.6)
We also have
|∇un|
p(x)−2∇un ⇀ |∇u|
p(x)−2∇u in Lp
′(x)(Ω)
|un|
q(x)−2un ⇀ |u|
q(x)−2u in Lq
′(x)(Ω)
(3.7)
Since, un ⇀ u in W
1,p(x)
0 (Ω) and W
1,p(x)
0 (Ω) is compactly embedded in L
p(x)(Ω) hence
un → u in L
p(x)(Ω). By the Egoroff’s theorem, un → u a.e. in Ω upto a subsequence.
Hence from (3.6), ∫
Ω
|∇u|p(x)−2∇u∇φ dx− λ
∫
Ω
|u|q(x)−2uφ dx = 0
implying that u is a weak solution to the problem (1.1). Thus,
0 = 〈I ′(u), uψi,ǫ〉 =
∫
Ω
|∇u|p(x)∇ψi,ǫdx+
∫
Ω
(|∇u|p(x)−2∇un∇ψi,ǫ)undx
− λ
∫
Ω
|u|q(x)ψi,ǫdx.
(3.8)
Consider φ = unψi,ǫ in
0 = lim
n→∞
(〈I ′(un), unψi,ǫ〉)− 〈I
′(u), uψi,ǫ〉
= lim
n→∞
[∫
Ω
|∇un|
p(x)ψi,ǫdx+
∫
Ω
(|∇um,n|
p(x)−2∇un · ∇ψi,ǫ)un dx
− λ
∫
Ω
|un|
q(x)ψi,ǫ dx
]
−
[∫
Ω
|∇u|p(x)ψi,ǫdx+
∫
Ω
(|∇u|p(x)−2∇u · ∇ψi,ǫ)udx
−λ
∫
Ω
|u|q(x)ψi,ǫdx
]
(3.9)
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We further have from the weak convergence of (un) that∫
Ω
|∇un|
p(x)−2∇un · ∇ψi,ǫdx→
∫
Ω
|∇u|p(x)−2∇u · ∇ψi,ǫdx
as n→∞. Using these results in (3.6) we obtain
0 = lim
n→∞
(∫
Ω
|∇un|
p(x)ψi,ǫdx− λ
∫
Ω
|un|
q(x)ψi,ǫdx
)
−
(∫
Ω
|∇u|p(x) · ∇ψi,ǫdx− λ
∫
Ω
|u|q(x)ψi,ǫdx
) (3.10)
We now apply the concentration compactness principle (refer the statement just before
the claim 3.8) in (3.10), we have
ψi,ǫdµ− ψi,ǫdν = 0. Also as ǫ→ 0 we have µi = νi.
Again, using the Ho¨lder’s inequality and the embedding theorem,
b = lim
n→∞
(I(un)−
1
p+
〈I ′(un), un〉)
= lim
n→∞
[(∫
Ω
|∇un|
p(x)
p(x)
dx− λ
∫
Ω
|un|
q(x)
q(x)
dx
)
−
1
p+
(∫
Ω
|∇un|
p(x)dx− λ
∫
Ω
|un|
q(x)dx
)]
≥ lim
n→∞
∫
Ω
(
1
p+
−
1
q(x)
)
|un|
q(x)dx|
This implies that
b ≥ lim
m→∞
∫
Ω
(
1
p+
−
1
q(x)
)
|um,n|
q(x)dx
Now define, for δ > 0 sufficiently small, q−Aδ := infAδ
q(x) so that
b ≥ lim
n→∞
∫
Ω
(
1
p+
−
1
q(x)
)
|un|
q(x)dx
≥ lim
n→∞
∫
Aδ
(
1
p+
−
1
q−Aδ
)
|un|
q(x)dx
=
(
1
p+
−
1
q−Aδ
)(∫
Aδ
|u|q(x)dx+
∑
i∈J
νi
)
≥
(
1
p+
−
1
q−Aδ
)
νi
≥
(
1
p+
−
1
q−Aδ
)
SN > 0
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The positivity in the last step is due to the choice of δ > 0. Thus b ≥
(
1
p+
− 1
q−
Aδ
)
SN .
therefore, one must have b <
(
1
p+
− 1
q−
Aδ
)
SN , for the index set J to be empty.
Thus we have proved that un → u in L
q(x)(Ω) and ∇un → ∇u in L
p(x)(Ω) which
were obtained by concentration compactness principle. Also, since p(x) < q(x), we
have the embedding of Lq(x)(Ω) in Lp(x)(Ω). This yields un → u in L
p(x)(Ω). Hence
un → u in W
1,p(x)
0 (Ω). Therefore, the functional In satisfies the Palais-Smale condition
for b <
(
1
p+
− 1
q−
Aδ
)
SN for δ > 0 sufficiently small (henceforth it should be understood
that the choice of δ is suitably small).
What we encountered from the lemma 3.7 is that the functional I satisfies the PS-
condition provided in the strip Iba where b <
(
1
p+
− 1
q−
Aδ
)
SN . Now suppose the
functional I has no critical point other than the trivial critical point in Ib, for b =(
1
p+
− 1
q−
Aδ
)
SN . obviously c−α, for α small, is a regular value of I. We look to apply
the Morse relation in the strip Ib−αa . As seen in the Theorem 3.3, we conlcude that
dimH0(I
a) ≥ 2, provided a > 0.
We next try to show that there exists a path in Ib−α, α chosen suitably small, connect-
ing 0 and an arbitrary point in v ∈ Ia such that I(v) < 0. Define
uǫ(x) =
ϕǫ(x)
(ǫp(x) + |x|p(x))
N−p(x)
p(x)
where ϕǫ ∈ C
∞
0 (Ω) is a smooth cut-off function vanishing on the boundary. Consider
the half-line {tuǫ}t≥0. Consider the fiber map
I(tuǫ) =
∫
Ω
|∇u(x)|p(x)
p(x)
dx− λ
∫
Ω
|u(x)|q(x)
q(x)
dx.
For a sufficiently large t, say t∗, we have I(t∗uǫ) < 0. To draw a conclusion for the
case of lack of compactness, we need to establish the fact that the cohomology group
H1(I
b−α, Ia) 6= {0}. The line of argument is a standard one. Obviously dimH0(I
a) ≥ 2
for a > 0. Therefore, H0(I
a) has two generators, namely [0] , [tuǫ], the brackets denote
the homotopy equivalence of paths. The points a, b − α being regular points one can
conclude that Ia is embedded in Ib−α via an inclusion map, say i. This in turn gives
rise to the map, say i∗ , i∗ : H0(I
a) → H0(I
b−α). By the definition of H0(I
b−α) we
have i∗([0] − [tuǫ]) = 0, owing to the path-connectedness of I
b−α. Further, from the
Definition 2.2 we have
...→ H1(I
b−α, Ia)
∂1−→ H0(I
a)
i∗
−→ H0(I
b−α)→ ...
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Obviously by the exactness of the above sequence we have that [0] − [tuǫ] ∈ im(∂1).
Therefore, H1(I
b−α, Ia) 6= {0}. Thus from the Morse relation, 0 being a local minima
the Morse index is 0 and hence we have an identity over R
1 = t+ p(t) + (1 + t)Qt, Qt ≥ 0.
This is a contradiction. Thus there exists a nontrivial solution to the problem in the
strip Ib−αa .
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